Selected topics related to the physics of the energy-momentum tensor (EMT) form factors are discussed. The topics are: 1) Fundamental mechanical properties of particles and gravity 2) Mechanical properties of non-spherical particles 3) Gravitational form factors of Goldstone bosons 4) Nucleon's seismology?
Introduction
The gravitational form factors are related to very wide class of physics problems ranging from the fundamental questions of General Relativity to the theory of hard exclusive processes and physics of exotic charmonia. Although the direct access to these form factors with gravitational forces (at least with those available in the Solar system) is out of reach, their first measurements in hard QCD processes became available [1, 2, 3] . In recent paper [4] a detailed review of the theory and the phenomenology of the gravitational form factors is provided, and a comprehensive list of related literature is given.
The field is fastly developing, during last few months several important results were obtained:
• In Ref. [5] the definition of the force distributions inside hadrons in wide range of reference frames is provided. Interesting connections between gravitational form factors and physics of compact stars are discussed.
• New lattice measurements of the pressure and shear force distributions (for quarks and gluons) in the pion and in the nucleon were reported in Refs. [6, 7] . We note however that the results for the shear force distribution s(r) obtained in these papers violate the stability constraint s(r) > 0. This needs a clarification.
• The comprehensive perturbative QCD analysis of the trace anomaly for quark EMT was performed in Refs. [8, 9] . This analysis is very important for the discussion of the nucleon mass decomposition in QCD.
In this short contribution we touch only several points (sometimes speculative) which are covered neither in the review [4] nor in recent literature.
Fundamental mechanical properties of particles and gravity
Our intuitive perception of the mass is related to the gravity (weighing experiment). The gravity itself is equivalent to a non-trivial space-time metric g µν (x) (we shall consider here the Minkowski metric signature η µν = diag(+ − −−)). The mass resulting from the weighing experiment is related to the variation of the action in respect to the static g 00 (r). The corresponding expression has the form:
Another basic mechanical property, the total angular momentum J i (particle spin), is obtained by the variation of the action in respect to static g 0i (r):
The classical application of this equation is the measurement of the Earth rotation by the Foucault pendulum.
The mass and the angular momentum (spin) of a particle are well known and frequently discussed fundamental characteristics of particles. There is another -not frequently discussed -fundamental characteristic of a particle, which is related to the variation of the action in respect to the spatial metric g ik (r). Such variation corresponds to the change of the 3D distances, i.e. to the deformation of the particle and hence to its elasticity properties. Therefore, we can introduce the quantity [10] :
called D-term * , it characterises the distribution of internal forces in the particle. The D-term is an intrinsic characteristic of any particle, which is as fundamental as particle mass and spin. The detailed discussion of the D-term for various systems can be found in recent review [4] . The stability of the system requires that the D-term is negative [4] , and indeed in all known examples D < 0, even for the unstable particles. The effective action for the nucleon (described by the spinor field N(x)) interacting with the external gravitational field can be written as:
where R(x) is the scalar curvature of the space-time,
µ is the covariant derivative written in terms of vierbeins and spin-connection (see e.g. [12] ), and ellipsis stays for higher order terms † . Using this effective action and eqs. (4) we see that the D-term enters multiplied by the scalar curvature of the space-time, so it is very strongly suppressed in gravitational fields available in Solar system. However, this term might play essential role in physics of hadrons in recently observed violent events such as the neutron stars mergers [13] .
Mechanical properties of non-spherical particles
Particles with spins J = 0, 1 2 posses the spherical symmetry. The spherical symmetry allows to express the static stress tensor:
in terms of pressure (p(r)) and shear forces (s(r)) distribution inside the particle:
(6) * The name "D-term" is rather technical, it can be traced back to more or less accidental notations chosen in Ref. [11] .
Nowadays, given more clear physics meaning of this quantity, we might call this term as "Druck-term" derived from German word for "pressure". † These terms can contain contributions of the type R µν D µ ND ν N, etc. The detailed classification of all terms in the effective action will be given elsewhere.
Here we introduce the irreducible (symmetric and traceless) tensor of n-th rank:
The pressure and shear forces in eq. (6) can be related to the Fourier transform of the EMT form factor in the Breit frame ( D(r) =
These relations follow from the equilibrium equation ∂ k Θ ik (r) = 0 and they guarantee the general stability condition [16] :
due to obvious relations:
For higher spin particles J ≥ 1 more terms in expression for the static stress tensor Θ ik (r) are allowed. The new terms can be classified in terms of multipole expansion. General expansion to the quadrupole order has the form:
Here ellipsis stays for the contribution of 2 n -multipoles with n > 2 parametrised by p n (r), s n (r), etc. The quadrupole operator is the (2J + 1) × (2J + 1) matrix:
which is expressed in terms of the spin operatorĴ i . The spin operator can be expressed in terms of the SU(2) Clebsch-Gordan coefficients (in the spherical basis):
The quadrupole pressure and shear forces distributions (p 2 (r), s 2 (r)) can be expressed through the Fourier transform of additional EMT form factors for higher spin particles § :
This form of quadrupole pressure and shear forces is the consequence of the equilibrium equation ∂ k Θ ik (r) = 0 which guaranties the stability condition (9) . ‡ See recent paper [5] for detailed discussion of the definition of pressure and shear forces in wide class of reference frames. § Generically, for an integer spin J particle, the EMT has 4J + 2 form factors, plus 2J + 1 additional form factors for individual quark and gluon EMTs [14] . The latter describe the non-conservation of individual EMTs.
For a particle of arbitrary spin we can introduce more general tensor quantities:
which correspond to 2 n -multipoles of the energy distribution, obviously M 0 = M. Note, that only even n are allowed by the P-parity conservation. Eq. (15) can be reformulated as the multipole expansion of the energy density :
is the 2 n -pole spin operator and ε n (r) is the corresponding 2 n -pole energy density. Analogously, for an arbitrary spin particle we can introduce a set of dimensionless tensors of rank n + 2:
Again, only even n are allowed by the P-parity and D ik 0 = 0 due to the stability condition (9) . For particles with spin J = 0,
is non-zero and can be expressed through the D-term (3):
The tensor observables (17) can be related to GPDs, see e.g. the discussion for spin-1 hadrons in recent paper [15] .
Gravitational form factors of Goldstone bosons
Goldstone bosons of a spontaneously broken symmetry in any theory play crucial role in dynamics of the theory. For example, the phenomenon of spontaneous breakdown of the chiral symmetry in the strong interaction is crucial for the description of the mass spectrum and dynamics in QCD.
The Goldstone bosons of spontaneously broken chiral symmetry are (almost) massless spin-0 particles and therefore the D-term cannot be defined in terms of static stress tensor, see (3) . For Goldstone bosons we define the D-term in Lorentz covariant way, in terms of EMT form factors:
Here P = (p ′ + p)/2, ∆ = p ′ − p and f π is the pion decay constant which has dimension of mass and sets the mass scale in the effective theory. We introduced the form factors for individual quark and gluon EMTs. The total EMT is conserved
hence ∑ a=q,gc a (t) = 0. The quark form factorc
, describes the non-conservation of EMT for individual quark and gluon pieces. This form factor is important to determine the pressure forces distribution in a hadron individually for quarks and gluons, and to study the forces between quark and gluon subsystems in hadrons ¶ (see recent discussions in [17, 18, 8, 9] ). The form factors in eq. (19) at zero momentum transfer can be fixed by the soft pion theorem:
This theorem leads to the relation among form factors:
This equation is satisfied if the EMT form factors of massless Goldstone boson are related to each other by:
From the first equality we obtain immediately the value of the D-term of the pion in the chiral limit D = −1 [19] . Our result thatc Q (0) = 0 for Goldstone bosons is valid for arbitrary QCD normalisation point. Therefore, it is in contradiction with the result of Ref. [8] for this form factor at asymptotically large QCD normalisation point:
It is important to find a reason for this contradiction.
Nucleon's seismology?
Up to now we consider the energy density Θ 00 (r) and distribution of forces encoded in the stress tensor Θ ik (r) separately. It would be interesting to establish connection between these quantities, this would be a step towards an understanding of the equation of state inside a hadron. If ¶ The stability equation for the quark part of the stress tensor has the form:
This equation can be interpreted (see e.g §2 of [16] ) as the equilibrium equation for quark internal stress and external force (per unit of the volume) f i (r) acting on quark subsystem from the side of the gluons. This gluon force can be computed in terms of EMT form factorc Q (t) as [18] :
The total squeezing (stretching) gluon force acting on quarks in the nucleon is equal to [18] :
Estimates in the instanton model of the QCD vacuum in Ref. [18] show that this force is squeezing and have rather small size F total ≃ 6 · 10 −2 GeV/fm.
we treat the interior of a hadron as an elastic medium and boldly identify elastic moduli K and µ
